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; Abstract 

Matrix hierarchies are: multi-component KP, general Zakharov-Shabat (ZS) and 
its special cases, e.g., AKNS. The ZS comprises all integrable systems having a form 
pL| ' of zero-curvature equations with rational dependence of matrices on a spectral param- 

y—i . eter. The notion of a r-function is introduced here in the most general case along 

with formulas linking T-functions with wave Baker functions. The method originally 
' invented by Sato et al. for the KP hierarchy is used. This method goes immediately 

■ from definitions and does not require any assumption about the character of a solution, 
being the most general. Applied to the matrix hierarchies, it involves considerable so- 

q \ phistication. The paper is self-contained and does not expect any special prerequisite 

C\J ■ from a reader. 

o : 

■ 1. Introduction. 

23: 

Integrable systems of differential equations exist not isolated but united in large commu- 
Ph! nities called hierarchies. All equations inside a hierarchy are commuting with each other. 

The first known hierarchies were generalized Korteweg-de Vries (KdV) hierarchies, one for 
every natural number n. (For detail, see, e.g., [9]). Then an immense Kadomtsev-Petviashvili 
(KP) hierarchy was found which united all the KdV's. Those hierarchies consisted of scalar 
equations. Almost immediately they were generalized to matrix equations. They formed 
"mult i- component" KdV's and KP. 

All the above mentioned hierarchies are generated by linear differential (KdV) or pseudo- 
differential (KP) operators of arbitrary orders. Equations of another type are generated by 
matrix first order differential operators linearly depending on a spectral parameter. These 
are AKNS (for Ablowitz, Kaupp, Newell and Segur) with 2x2 matrix first order operators, 
they were generalized by Dubrovin tonxn matrices; we call the latter AKNS-D hierarchies. 
The next generalization is when linear operators depend on a parameter as polynomials 
of any degree. Finally, the most general case involves arbitrary rational dependence on a 
parameter. These equations are called general Zakharov-Shabat (ZS) equations. They also 
form a hierarchy (see [7]). The hierarchy with polynomial dependence on a parameter is a 
special case of the general ZS when there is a single pole, at infinity; we call this hierarchy 
s-p ZS. All KdV's and AKNS's are nothing but reductions of the general ZS hierarchy. The 
exact definitions will be given below. 

1 e- mail : ldickey @ nsf u vax .math.uoknor.edu 
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The importance of the theory of integrable system was essentialy enhanced with the 
invention of the "tau" -function by mathematicians of the Kyoto school, see [1], [2]. This 
one single function of infinitely many "time" variables replaces infinitely many dynamical 
variables, coefficients of linear differential or pseudo-differential operators. It happened that 
this function linked integrable systems to Lie algebras representations and to many problems 
of modern physics, such as conformal field theory, matrix models in the statistical physics, 
2-dimensional gravity and string theory. Up to now, all these achievements applied solely 
to scalar hierarchies, nth KdV and KP. There are also some published results about the 
multi-component KP. Concerning the general ZS eqations and their r-functions, we know 
the only work [10] done in very abstract terms; it is difficult to extract concrete formulas 
from it. The aim of the present article is to fill up this gap. Physicists have not turned 
yet their attention to the general ZS hierarchy (except some particular equations of these 
hierarchy). We believe that its time will come sooner or later. 

The paper is self-contained and, formally speaking, does not require a special prerequisite 
(see also [9]). It was easier not to start with the most complicated case of the general ZS 
but to pass gradually from the simplest to the most difficult model referring when needed 
to what was proven before. 

In the first part of the paper we deal with the multi-component KP (mcKP). It is defined 
in [1]. In [3] and [4] there are formulas written for its r-function, in both the articles without 
proofs. Therefore it is difficult to guess what was the way they followed. Most probably, they 
used the techniques of free fermion representations. Meanwhile, those authors had suggested 
their own excellent method which was invented in [2] for KP, based on nothing but the 
bilinear identity, i.e., being close to very first definitions. The advantage of this approach 
is its full generality, independence of the origin and the nature of a solution. Our first goal 
was to adjust this method to the mcKP hierarchy. Basically, the method remains the same 
as in [2], however, it becomes a little tricky. (In [5] we derived the r-function in terms of 
the Grassmannian, in [6] found it for special, algebraic geometrical solutions; in contrast to 
that, we discuss now the general case). 

The next part is devoted to the simplest special case of the ZS hierarchy, namely, the 
single-pole hierarchy (s-p ZS). It is closely connected with the mcKP since it is proven below 
that a Baker function of the s-p ZS is at the same time that of mcKP, and the s-p ZS is a 
subhierarchy of the mcKP. A similar statement was made before in [5]. 

Then we introduce a "not normalized" s-p ZS hierarchy which differs from the previous 
one by the fact that the expansion of its Baker function in powers of a spectral parameter 
starts with a matrix of a general form, not from the unity. It can be reduced to the normalized 
ZS. Nevertheless, it is convenient to study this case separately because it provides a good 
preparation for the general ZS where one cannot normalize Baker functions simultaneously 
at all poles. 

Finally, and this is the main point, we treat the general ZS hierarchy. It is discussed in 
[7] in what sense one can understand the totality of all ZS equations as a hierarchy, 1.6., clS db 
set of commuting vector fields. There are definitions of a Baker function, of a corresponding 
Grassmannian, etc. in that paper. However, it is lacking a concept of the r-function. We 
are doing this now. The main results of the present article are contained in the theorems of 
sect. 4 and sect. 7 and the proposition 3 and its corollary of sect. 5. 
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Despite the absence of a general definition and of a proof of the existence of the r-function, 
there were a few examples of that function found earlier. In [7] this is done for soliton-type 
solutions and quite recently, in [8], for algebraic geometrical solutions that can be expressed 
in terms of ^-functions. Those examples were stimulating for the present study. 

2. Multi-component KP. 

Let 

L = Ad + u + u\d~ l + • • • , d = d/dx 

be a pseudo-differential operator where U{ are n x n matrices, A = diag(ai, ...,a n ), ai are 
distinct non-zero constants. Diagonal elements of uq are assumed to be zero. 

Let R a = Y?jLo Rjad - ^ , ol — 1, ...,n, where R§ a — E a , E a is a matrix having only one 
non-zero element on the (a, a) place which is equal to 1; R a is supposed to satisfy 

[L,R a ] =0. 

It is shown below that such matrices exist being 

n 

RaRfi = fiapRa, J~] R a = I 
a=l 

(i.e. this is a spectral decomposition of the unity). The mcKP hierarchy (multi-component 
KP) is 

d ka L = [(L k R a ) + , L], dkaR/3 = [(L k R a )+, R p ] d ka = d/dt ka , k = 0, 1, a = 1, n 

and t ka are the "time variables" of the hierarchy. The subscript + refers, as usual, to a purely 
differential part of a pseudo-differential operator, (Y^ a kd k )+ = Y^,k>o a kd h , A- = A — A + . 

It can be shown that the equations for different k, a commute. The variables x and t ka 
are not independent: 

d = ^2a~ 1 d la 

a 

(Greek indices always run from 1 to n). 
Let 

oo 

L = wAdw^ 1 , where w = w(Ad) = '^ / Wi(Ad)~ l , wo = I; 

o 

Then R a = wEaW' 1 has all needed properties. Put 

oo n 

w = w(Ad)exp£(t, z) = w(z)exp£(t, z); where £(t, z) = ^ ^ z k E a t ka . 

k=0 a=l 

This is the Baker function; it satisfies the equations 

Lw = zw, and d ka w = (L k R a ) + w. 
The latter equation is equivalent to 

d ka w = -{L k R a )_w. 
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Remark 1. It is very important to note that the series w are defined up to a multi- 
plication on the right by series X)o° c $~ l with constant diagonal matrices q where Co = /. 
Correspondingly, the Baker function is defined up to a multiplication by X)o° a iZ~ l - Two 
functions which differ by such a factor are said to be equivalent. For two equivalent Baker 
functions the Lax operator L is the same. All the formulas below will be obtained up to the 
equivalence. 

We have d 0a w = —(R a — E a )w = —wE a + E a w = [E a ,w\. Symmetries related to "zero" 
time variables to a are similarity transformations with constant matrices. 
The adjoint Baker function is 

w a = (w*(A9))- 1 exp(-^(t,^)) 

where the star means the conjugation: for every matrix X the equality (Xd)* = —dX* holds 
where X* is the transpose of X. 
The equations 

L*w a = zw a , and d ka w a = -(L k R a )* + w a 

hold. 

Remark 2. Our definition of the mcKP differs from that in [1],[2] and [3] where uq = 
and A — I. It is easy to show that in our definition the coefficients of the equations are 
local in terms of u^s, i.e., differential polynomials of them. Indeed, the dressing formula 
L = wAdw" 1 permits to express every differential polynomial in elements of w^s as a 
differential polynomial in elements of i^'s which is also an ordinary polynomial in iq's (i.e., it 
does not depend on derivatives of iq's). Then, the elements of i? a 's are such polynomials, too. 
Let us show that, in fact, they do not depend on w^s at all. Let us give to w an infinitesimal 
deformation 5w such that L is not changed. This means that 5L = [5w ■ w^ 1 , Ad] = 0. This 
easily implies that the matrix K = dw-w^ 1 is constant and diagonal. Now, 5R a = [K, E a ] = 
0. The rest is clear. The fact that all diagonal elements of A are distinct is crucial. It is 
easy to compute that otherwise R a are not local. If one is only interested in the hierarchy 
in terms of Baker functions, not of the operator L, then this distinction is not important. 

The significance of the mcKP, as well as KP, is in their universality. 

Proposition. Universality of the mcKP hierarchy. If an expression of the form 

oo 

w = w(Ad) exp£(t, z) = w(z) exp£(t, z); where w(Ad) = ^ Wi(Ad)~\ w = I 

o 

satisfies arbitrary equations d^w = B ka w with some differential operators Bk a then this is 
nothing but mcKP. 

Indeed, the given equations yield 

= d ka w ■ e 5 + wE OL z k e i - B ka w = d ka w ■ e 5 + wE a (Ad) k e^ - B ka w. 

Letting L = wAdw^ 1 and R a = wEaW' 1 we have d ka w ■ w^ 1 + R a L k — B ka = 0. Tak- 
ing the positive part of this equation, we get B ka = (R a L k ) + and the negative part is 
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dk a w = —{R a L k )^w. This is the equation of the hierarchy. □ 
3. Bilinear identity. 

The so-called bilinear identity is basic for Sato's theory. 

Lemma. Let $ = J2&i(Ad) 1 and ^ = J2^i(Ady be two pseudo-differential operators 
(MX)). Then the equality 

res a $^* = res^($e € )A" 1 (^e~ f )* 

holds. 

The notations resg and res^ mean, as usual, coefficients of <9 _1 and z~ x . 

Proof. It is easy to check that both the left- and the right-hand side are equal to 

Proposition. If$ = J2 ®i (Ad) 1 is a ^DO, and w = $ exp z), w a = exp(-f(t, z)) 

then 

res z {d i w)A- 1 {w a Y = 0. (la) 

Moreover, if w depends on infinitely many variables ti a , % — 0, 1, a — 1, n and satisfies 
a system of differential equations of the form di a w = Bi a w where Bi a are any differential 
(matrix) operators in d = X^o^ia then 

res z {d iiai d i2a2 ...d isas w)A- 1 (w a )* = (16) 

for an arbitrary set of indices ii,ai,i 2 ,a 2 , ...,i s ,a s . This happens, e.g., when w is a Baker 
function of the mcKP hierarchy. 

Conversely, if there are two expressions of the form w = X)o° Wi(t, z)z~ % exp £ and 
w a = v i{t, z)z~ l exp(— £) with wq = Vq = I, and Eq.(la) holds for them, then letting 
$ = YjWi(Ad)~ % we will have w = <3>exp£ and w a = (<£>*) _1 exp(— £). 

Moreover, if the stronger equality (lb) holds, then w and w a are the Baker and the ad- 
joint Baker functions of the mcKP. 

Proof. We have 

res z (d l w) A" 1 (w a )* = res^d^e^A' 1 ^*)-^^)* 

= resdd^d®*)- 1 )* = resdd*®®- 1 = res 9 d i = 0. 

This proves the first statement. Now, the equations di a w = Bi a w allow to express all the 
derivatives d ia in terms of d and then to apply (la) which proves (lb). 

The first statement of the converse proposition can be obtained in the following way. Let 
$ = Ewj(A<9) - ' and * = Y^Vii-Ad)-* then w = $exp£ and w a = #exp(-£). We have 

= res z (9 i $e c )i4- 1 (*e _c )* = res a 9*$** 



5 



for all % > 0. The operator is l + 0(d 1 ), and the last equality implies that the negative 
part is zero. Hence $^>* = / and ^ = 

Now, let (lb) hold. Put L = QAdQ' 1 . We have 

+ (L k R a )^ = (d ka • $ - <$>{Ad) k E a + (L fc iT)_$)e« = (d ka - (L k R a ) + )^. 

Then, applying the assumption and the lemma, 



= res^(d feQ - (L k R a ) + )wA~ 1 (w a )* = res z d\d ka - (L k R a ) + )^A~ l ((^*)- l e^y 



where t' is another set of values t ka . This identity makes sense as a formal expansion in 
powers of t' ka - t ka . 

4. r-function. 

Let G Q (C) be an operator of translation acting as 



= res a 9 i ((9 fcQ $) + {L k R a )_^-\ 

This yields (d ka §) + (L k R a )_§ = 0, i.e., the equation of the hierarchy. □ 
The bilinear identity can also be written in a dual form 



res z wA (d iiai d i2a2 ...d is a s w a )* = 0. 



The proof is similar. 

Very often they use the identity in the form 



res z w(t,z)A- 1 (w a (t',z))* = 



G a ({)f(t,z) = f(...,t* r -6, 
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Let 



oo 



N a (C) 



3=0 



It is easy to see that N a (()G(()f(t,z) = 0. 
According to the bilinear identity, 



ies z w(t,z)A- 1 G p (0(w a (t,z)Y = 0. 



We have 



G p (0 exp(- £ tk 7 E 7 z k ) = (I - Ep + (1 - -Y l Ep) exp(- £ t fc7 £ 7 z fc ) 




as it is easy to check. If w(z) 



w(z) exp£ and w a (z) = w a (z) exp(— £) then 



res z w(z)A- 1 (I -E p + {1- -)- 1 Ep)Gp{0{w a {z)Y = 0. 
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It is easy to see that if f(z) = fi z% then res z /(z)(l — z/Q^ 1 = C/-(C) where the subscript 
"— " symbolizes the negative part of the series. We have w = I + w\z~ 1 + ... and, as a simple 
calculation shows, (w a )* = I — Aw\A~ l z~ l + ... . The identity becomes 

Wl (I - Ep)A- 1 -{I- E p )G pWl A- 1 + ([w(()A- l EpGp(()(w a (()y]_ = 0. 

The (PiP)ih element of this matrix identity is wpp(()ap 1 Gp(()(w a (Q)pp — a^I = 0. Thus, 
we have 

wpp(()Gp(()(w a (0)pp = I. (2) 

The shifted {w a (())pp happens to be just the inverse of Wpp((). 
Let us take now the (a,j3)th element of the matrix identity: 

-afG p {Qww + Cw a p(()a^Gp(0(w a (0)pp = 0. 

Using (2), transform this to 

Gp(()w 1 , a p = (w a p(()(wpp(())- 1 . (3) 
Now, consider a more complicated relation which also follows from the bilinear identity: 

resM^- l G a (Ci)Gp(C2)(w a (z)y = 0. 
In the case when a = f3 this reduces to 

resM^il -Ep + {l- Z - - - ^EpjCp^Gp^w^z))* = 0. 

Si S 2 

Taking the ((3, (3)th element we have 

res z wpp(z)(l - - Y\\ - - )- 1 G /3 (Ci)G /3 (C 2 )KW)^ = 

SI S 2 

or 

res^^MCr 1 !! - ~ r T 1 - C 2 _1 (l " 7 r l }Gp(Ci)Gp(C2)(w a (z))pp = 

Si S 2 

which yields 

^(Ci)G /3 (Ci)G /3 (C 2 )(^ a (Ci))* = ^ /3 (C2)G /3 (Ci)G /3 (C2)(^ a (C2)) W . 
Using (2), we obtain 

Gp(( 2 )wpp((i) = Gp(Ci)wpp(( 2 ) 
wppiCi) Wpp(( 2 ) 
Taking a logarithm and denoting ln-u) = / we get 

(Gpfa) - l)/ W (Ci) = (Gfa) - 1)/^(C 2 ). (4) 
In the case when a ^ f3 the identity is 

msM^A-^I -E a -Ep + {\-- )~ l E a + (1 - - )- 1 Ep]G a (Ci)Gp(C 2 )(w a (z)y = 0. 

S 1 S 2 



The (a, a)th element of this matrix identity is 

Ci^(Ci)a« 1 G a (Ci)G /3 (C 2 )K(Ci)) a a + C 2 ^/3(C2)^ 1 G a (Ci)G /3 (C 2 )K(C 2 )); a - Cia-'I = 0. 
The (P, a)th element is 

C2^(C 2 )^ 1 G a (Ci)G /3 (C 2 )(^(C 2 )); Q + Ci^ Q (Ci)a« 1 G a (Ci)G /3 (C 2 )K(Ci)) a a = o. 
Eliminating (w a )p a from two equations and applying (2), we obtain 

-Wppfa) + (Waa((l)wpp((2) ~ Wf} a (Cl)w a p(C 2 ))Gp(C 2 ) (w aa (CO)" 1 = 0. 

Take a logarithm: 

hiwppfa) = ln(waa(Ci)w/3/?(C2) - Wf3 a (Ci)w af3 (C 2 )) - G pfa) lnw aa (Ci) 

and subtract this equation from one obtained by permutation of a and f3, Ci and ( 2 - The 
result is 

(G/,(C2) " l)/aa(Cl) = (Ga(Cl) " 1)//J/»(C2), / = lni&. (5) 

Eq. (4) is a special case of this one when a = (3. 

Now we have to prove the existence of a function r(t) such that f aa (C) = (G a (C) ~ 1) l nr - 
If the operator (Cr a (£) — 1) had an inverse, this would immediately follow from (5). This 
operator has a kernel consisting of constants (with respect to {tk a })- Let us apply the 
operator N a (d) to Eq.(5): 

oo 

G/3(C2)AUCl)/oa(Cl) - AUCl)/aa(G) = E Cf^a/w^) ■ 

J"=0 

Then multiply this by and take res^: 

6 ia = res Cl CiiVa(Ci)/aa(Ci) = G /3 (C 2 )res Cl CliV a (C 1 )/ aa (Ci) + d ia fpp(( 2 ), 

i.e., 

= Gp(( 2 )b ia + diafppfe)- (6) 

Here («, a) is an arbitrary pair of indices, one can replace them by (j, 7): 

6 i7 = Gp(C, 2 )b^ + djyfppfa)- 

Differentiating the first equality with respect to t,- 7 , the second with respect to t ia and 
subtracting, we have (G«(C 2 ) — l)(dj-yb ia — d ia bj^) = whence dj^bia — d ia bj^ is a constant. 
It is not difficult to see from the definition of bi a that this constant can be only zero. Thus, 
dj^bia = d ia bj^. This implies the existence of a function of the variables {t ia }, we call it In 
r(t), such that b ia = d ia \nr: 

00 

res C C(- E z^dja + d c ) lnw aa (() = d ia lnr. (7) 
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The equation (6) yields that d ia fpp(() = (Gp(() - l)&ia = (Gp(() ~ l)d ia lnT and fpp(() = 
(G@(C) — 1) lnr+const. In more detail, this formula looks like this: 

^(o = ^(c) T( "- <t '-%; 1/( * ct) '- ) . (8) 

In the numerator only the variables t^ 7 with 7 = 0; are shifted. The constant cp(Q is a series 

C(s(C) = E i =o C ^" 1 with C 0P = 1- 

We have obtained this formula only for diagonal elements of w yet. Eq.(7) is a conversion 
of Eq.(8). Let C =diag cp(Q, a constant diagonal matrix. Then the Baker function wC^ 1 
is equivalent to w. For this function (8) holds with cp = 1. 

Let us return to Eq.(3). We find w a p(() = C~ 1 G r /3(C) w i,a/3 ' wpp, substituting wpp from 
(8) and denoting 

r a p(t) = r(t)w ha p, a ^ (3, (9) 
this becomes w a p(C) = C^GpiO^p ■ (r(*)) _1 , or 

W a/ 3(CJ - C c /3lCj 77\ > a T P- l 1(J J 

T[t) 

Thus, only those variables are shifted whose index 7 coincides with the number of the 
column, (3. Thus, we have a theorem: 

Theorem. For any Baker function there are functions r(t) and r a p(t) and constant series 
cp(() such that Eqs.(8) and (10) hold. Coefficients cp(() are insignificant if a Baker functions 
is considered to within the equivalence. 

The formulas (8) and (10) are the main formulas of the theory of the r-function. 

Remark. The definition of the r-function and the derivation of the formulas (8) and 
(10) based on the bilinear identity does not depend on the property of the matrix A to have 
distinct elements on the diagonal. It remains valid even if A = I. This will be used in the 
next section. 

5. Single-pole Zakharov-Shabat hierarchy. 

The general Zakharov-Shabat equation is [Id + U(z), Id t + V(z)] = where matrices U 
and V are rational functions of a parameter z. In [7] it was explained in what sense the 
totality of all possible equations of this form can be considered as one hierarchy. Now we 
are interested in the case when both the functions U(z) and V(z) have a single pole which 
is at infinity, i.e., they are polynomials in z. 

Let w = X^o w i z ~ l be a formal series, w = I. 

Definition. The single-pole ZS hierarchy is the totality of all the equations 

di a w = —(z l R a )_w where R a = wE a w~ l . (11) 
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The subscript "— " refers to the negative part of an expansion in powers of z. 

Letting w = w exp z), where £ is as before, we get an equivalent form of the equations 
of the hierarchy 

d ia w = B la w, B la = {z l R a ) + . (12) 
The same equation can also be expressed as 

wdi a ■ w' 1 = w(d ia - z l E a )w~ l = Idi a - B la . (13) 

Thus, dressing of Idi a yields a first-order differential operator (13) that is a Zth degree 
polynomial in z. The expression w is called a formal Baker function. 

It can be proven that the operators di a commute. This fact and Eq.(13) imply that 
operators Idi a — Bi a commute, i.e., 

diaBm/3 — d m pB la — [Bi a , B m ff\ = 0. (14) 

Let A;, I = 0, ...,m + 1 be a sequence of constant diagonal matrices, A; =diag (Xi a ), 
A m +i, Q = a a being distinct, and d = - ES, 1 E"=i h a di a - Set 

m+l n 

i = -EE X iMdia - B la ) = Id + U (15) 

1=0 a=l 

where U = ET=V ES=i \ a B la . Then 

L = wdw- 1 = Id + U = Id + u Q + u lZ + ...+u m z m - Az m+1 , A = diag a a . (16) 
The hierarchy equations imply 

dmfsL = [B m p, L\. 

If M is another operator defined in the same way as L with other matrix diagonal coefficients, 
fii a instead of \ ta , then [L, M] = 0. This is exactly the ZS equation with a single pole. 

The notion of the equivalence is the same as for the mcKP: two Baker functions are 
equivalent if they differ by a factor on the right which is a constant diagonal matrix series. 
Then Bi^s remain the same along with all differential operators L. 

Proposition 1. Universal property. Let w he a series w = J2^^i z ~ l , w — I and 
w = -u)exp£. All the functions depend on variables tk a . If w satisfies an equation of the form 
dk a w = Bk a w where Bk a w is a polynomial in z then this is an equation of the hierarchy, i.e. 
Bka = (z k R a )+- 

Proof. We have 

= d ka w ■ e ? + wE a z h e ( - B ka w 

and 

= d ka w ■ w" 1 + wE a z k w~ l - B ka . 
Taking the positive part, we obtain B ka = (wE a z k w~ 1 ) + = (z k R a ) + . □ 
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Proposition 2. Let w be a series w = Y^ w i z ~ l j wo — I and w = -u)exp£. All the 
functions depend on variables t ka . Then if w satisfies the hierarchy equations (12) then the 
following bilinear identity 

res z z l d kiai ...d ksas w ■ w' 1 = (17) 

holds for arbitrary sets of indices, i > 0. 

Conversely if there is another series v = ViZ~\ v — I, v — exp(— £)v and 

res z z l d kiai ...d kaas w ■ v = 

for all sets of indices then v = w' 1 and w is a Baker function of the hierarchy. 

Proof. Let wbea Baker function of the hierarchy. Then, by virtue of the equation (12), 
the left-hand side of (12) is a residue of a polynomial which is zero. 

Conversely, ies z z l wv = for all i implies that (™)_ = 0, wv = I, and v = We 
have further 

(d ka w + (z k R a )_w)et = (d ka - (z k R a )+)w 
where R a is defined as in (11). Using the assumption, one gets 

= res z z l (d ka — (z k R a ) + )w ■ w^ 1 = res z z l (d ka w + (z k R a ) _w)w _1 . 

This implies d ka w + (z k R a )_w = which is the hierarchy equation (11). □ 

Proposition 3. Baker functions of the mcKP are those of s-p ZS, more than that, the 
action of the operators d ka on them is the same in both the hierarchies. In other words, the 
s-p ZS hierarchy is a restriction of the mcKP. 

Proof. The first statement follows from the fact that a Baker function of the s-p ZS 
hierarchy satisfies a bilinear identity (17) stronger than (lb). The converse part of the 
proposition of Sect. 3 can be applied (letting A~ 1 (w a )* = w^ 1 ). It also follows from the 
second statement. Let us prove the latter. Let A be an arbitrary constant diagonal matrix 
with distinct diagonal elements. Put d = J2 a a a 1( 9ia- Let w be a Baker function of the 
single-pole ZS hierarchy. Then w satisfies Eq.(17) for every multi-index. It suffices to show 
that w satisfies the set of equations of the form d ka w = B ka w for all k and a where B ka are 
differential operators in d (see Proposition, Sect. 2). We have obvious relations: 

d ka w = (E a z k + 0{z k - l ))e^ 
A q d q w = (z q + 0(z q - 1 ))e i . 

whence d ka w — E a A k d k w = 0(z k ^ 1 ) exp£ = (V k ^\z k ~ x + 0{z k ~ 2 )) exp£. The process can be 
prolonged: d ka w — E a A k d k w — V k -iA k ~ 1 d k ~ 1 w = 0(z k ~ 2 ) exp£ etc. In the end we have 

d ka w - B ka w = d ka w - E a A k d k w - V k ^A k - l d k - l w - ... - V w = 0(z" V 

where B ka is a differential operator. Now, the bilinear identity 

res z z l (d ka - B ka )w ■ w" 1 = 
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where (dk a — Bk a )w-w 1 = 0(z x ) implies that (dk a — Bk a )w-w 1 = 0, and (dk a — Bk a )u! = 
as required. □ 

Remark. It can seem strange that Bk a w whose elements are differential polynomials 
with respect to d coincides with Bk a where only ordinary polynomials are involved. The 
explanation is that one of equations of the s-p ZS hierarchy is dw = <^a l ^a w = Bi a w 
or, in detail, (<9 + [A -1 ,iui] — A~ 1 z)w = 0. It enables us to eliminate all the derivatives. 
It is spectacular and instructive (though cumbersome) to verify the statement of the last 
proposition directly even in the simplest case of 82k- 

Corollary. The r-functions for the s-p ZS hierarchy exist and they are a special case of 
those for the mcKP. 

6. Not normalized s-p ZS hierarchy. 

The hierarchy in the last section was normalized, in the sense that wq = I. Now wq also 
will depend on time variables, wo(t). The definition of the hierarchy (11) must be adjusted 
to this requirement since (11) implies that Wo =const. 

Let A( + ) symbolize the purely positive part of an expansion in powers of z, i.e., without 
the constant term, and Ai_\ negative part with the constant term, i.e. the constant term 
passes from the positive part to the negative one. Eq.(ll) will be replaced by 

di a w = -(z l R a ) { _ ) w, R a = wEaW' 1 (18) 

and Eq.(12) by 

d ia w = B la = (z l R a )( + ). 
It can be proven that the operators d[ a commute as well. 

Proposition 1. If w satisfies (18) then v = w^w satishes (11). 

Proof. Eq.(18) implies 

di a w = -(^wEaW'^oWo = -w (z l vE a v~ 1 ) . (19) 

Then 

dial! = -W^diaWo • W^W + W^d^W = 
= (^vEaV^QV -Wq 1 (z 1 wE ci W~ 1 )^)W = (z^EaV'^QV - {z^EJ)' 1 ) (_)£ 

= -(^vEaV^ 1 )^. 

This is exactly Eq.(ll). □ 

The proposition 1 allows to express -0 in terms of a r function. However, this is not what 
we need, Wq remains indefinite. In order to determine it one has to solve the linear equation 
(19). We show further that the whole function w has an expression in terms of r-functions 



T n .p(—, tk~f - Vr • l/(^C fc )) •••) 



w af3 (C) = apv -' ^ /V ^ (20) 
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for both a — f3 and a 7^ j3. 

First of all, one must write the bilinear identity. In this case, Eq.(17) holds in a stronger 
form: if s > then (17) holds for i > —1, if s = then it holds for i > while 
reSzZ^w ■ w~ l = I. The identity can be written in the dual form where all the deriva- 
tives act on w^ 1 rather than on w. 



Proposition 2. To every Baker function there exist functions r and T a p such that 
Eq.(20) holds up to an equivalence, i.e., 



w a p{C) = C/j(C) 



r Q/3 (...,t fc7 - 8^ ■ l/(k( k ), ...) 



T(t) 

where cp(z) are constant series. 

It follows from the bilinear identity (17) that 

i n /a\ -1 f 0, if i > 
res z z w ■ Gp(()w = j 7 if j = _i 

As in sect. 4 this transforms to 

res z z*w(z)(I -E p + (1- ^E^GpiQw' 1 = { °j\ z\Z -1 

We have 

res z z l w(z)(I-E /3 )G /3 (C)w- 1 (z) 



I JO, if i > 
U=c " 1, if z = — 1 



+C(^(«)G/j(C)^- 1 W)- 
Let i = —1. Then this equality becomes 

«*>(/ - E p )Gp{C)w^ + w{QGfi{QE0w-\Q = I 
or, multiplying by Gpw , 

w (I - Ep) + wiOGpiOEpw-^Owo = Gf,(C)wo. 
For the (a,/?)th element this is 

WapG^v' 1 )^ = Gp(w ) a p. (21) 

It is easy to see that the case % — gives the same for -0 as it was in sect. 4 for w; in particular, 
the analogues of (2) and (3), and the possibility to express v in terms of a r-function. Eq.(2) 
becomes 

Gp{v-% fi = (vpp)- 1 . (22) 

We even do not need to prove this since we knew this in advance. We know also that there is 
a function r(t) and constant series cp such that vpp = cpGpT ■ r" 1 . With the help of Eq.(22), 
Eq.(21 ) transforms to 

Wapivpp)' 1 = Gp{w Q ) aP . (23) 
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Now, let 
Using (23) and (22), we have 



T a (3 = T(w )a/3- 



(24) 



= &/3(Wo)a/3 = C« VppWap{Vpp) = Cg W a/3 

r r 

as required. □ 

Notice, that Eqs.(22) and (23) look very nice being put together in the form 

Gpiv-^w = (ypp)- 1 , 

7. The general ZS hierarchy. 



This hierarchy was introduced in [7]. Let a k , k = l,...,m be a given set of complex 
numbers. Let, for every k, 

oo 


be a formal series. The entries ofnxn matrices w k i, Wki, a /3 are just letters. We consider the 
algebra A w of polynomials of all this entries and (detiUfco) -1 - The formal series w k can be 
inverted within this algebra. Let 

Rka = w k E a w k 1 ; R ka i = Rk a {z — a k ) 1 

where E a is, as before, a matrix with only one non-vanishing element, equal 1, on the (a, a) 
place. 

We have the following objects. Such quantities as w k and R ka i are formal series, or jets, 
at the points a k . The algebra of all such jets will be called J k and J = ®J k . If j k G J k 
is a jet then symbolizes its principal part, i.e., a sum of negative powers of z — a k , and 
2 k the rest of the series. Correspondingly, the jet algebras split into parts, J k = J k ® J k ■ 
If the principal part contains finite number of terms (and we tacitly assume this unless the 
opposite is said or is evident from a context) it can be considered as a global meromorphic 
function; the algebra of global meromorphic functions is G. A global function gives rise to a 
jet at every a k . In particular, j k can be considered as a jet at a point a kl , different from a k , 
more precisely, as an element of J k . And finally, there will be formal products of jets or of 
global functions by expressions of the form exp ^ k where 

n oo 

6c — X! ^tkaiE a (z — a k ) . 

a=l 1=0 

Definitions, (i) A hierarchy corresponding to a fixed set {a k } is the totality of equations 

= { otetise • a " = ^ < 25 > 

In the second case R kal is considered as an element of , see above; t ka i are some variables. 
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(ii) A ZS hierarchy is an inductive limit of hierarchies with fixed sets {a k }, with respect 
to a natural embedding of a hierarchy corresponding to a subset into a hierarchy correspond- 
ing to a larger set, as a subhierarchy. 

In this article we deal with the hierarchy corresponding to a fixed set {a k }. There was 
proven in [7] that all the equations of the hierarchy commute. The following proposition 
readily can be checked by a simple straightforward computation: 

Proposition 1. A dressing formula 

w kl (d ka i — E a {z — ak)~ l 8kki)w~ki = ®kai — B ka i, B ka i = R kal (26) 
is equivalent to Eq.(25). 

The operator d ka i — B ka i is assumed to act in J kl . However, it does not depend on k\ at 
all and can be considered as a global function of z with the only pole of the Zth order at a k . 
Let 

w k = w k exp£ k . 

Definition. The collection w = {w k } is the formal Baker function of the hierarchy 
Eq.(25) can be written in terms of the Baker function as 

d ka iw kl = B kal w kl (27) 

and Eq.(26) as 

w kl d ka iw^ = d ka i - B kai . (28) 
Proposition 2. All the operators d ka i — B ka i commute. 

Proof. This is a corollary of the fact that d ka i commute and Eq. (28). □ 

One can consider arbitrary linear combinations of the above constructed operators, 

L — \al{d ka l — Bkai) = d + U 
k,a,l 

where d = J2k,a,i ^kaid ka i and U = —J2k,a,i ^kaiB ka i- Two such operators commute which 
yields equations of the Zakharov-Shabat type 

dUx - diU = [U U U]. 

Functions U and Lq are rational functions of the parameter z. 

Remark 1. A Baker function is determined up to an equivalence. Two Baker functions 
and are equivalent if there are constant diagonal matrices c k (z) = c k iZ~ % =diag 
(ckp(z)) such that = w^Ck, i.e., w^ a/3 = Ck,pWjP a p. Equivalent Baker functions generate 
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the same Lax operator L. 



Remark 2. Here we have a special case of ZS equation: the functions U and XJ\ vanishing 
at infinity. If we make a gauge transformation Wk i— > g(t)wk then 9 + C/ i— > g[d + U)g^ 1 = 
d + gllg^ 1 — (dg)g~ 1 ) the last term does not vanish at infinity. This yields the general case. 

If we deal with only one component Wk of the Baker function, and consider its depen- 
dence solely on the variables tkai with the same k (local variables) ignoring all the others 
(alien variables), e.g., fixing their values as parameters then we shall have a single-pole 
non-normalized hierarchy in the sense of the previous section. (One has to perform a trans- 
formation (z — cifc) -1 = ()■ This fact allows to apply all the formulas obtained in that section 
to the present case. In particular, there are functions Tkif) and Tk a p(t) depending on local 
as well as on alien variables such that 



and c k p(z) are constant series in z — a k . 

We have not used yet the equations of the hierarchy with respect to the alien variables. 
The rest of the section will be devoted to the proof that if those equations are taken into 
account, then, roughly speaking, all denominators r k in the previous formula are equal. More 
precisely, the following theorem holds: 

Theorem. If w = {wk} is an arbitrary Baker function then there are functions r(t) and 
T~k,ap{t) and constant series c^[z) such that 



Notice that the last factor is expJ2i£i an d not just exp^, therefore the expression in 
front of it is not Wk- We call it Wk- Thus, 



w k , a p(t,z) = C k fi{z) 



Tk(t) 



(29) 



where operators of translation Gkpiz) are defined by 



Gkpf(t) — /(.-., £fci, 7 ,Z — 5fcfci£/3 7 y(^ — Clk)\ •••) 



Wk,afl(t, Z) = C k fi{z) 



r(t) 




Proof. We already have Baker functions Wk, Wk = Wk exp(— and Wk = Wk exp(— J2i^k 6)- 
Let us also introduce, as we did in Sect. 6, 



v k {z) = w k QW k {z), v k {z) = v k (z) exp(-£ fc ) = w k QW k (z) 



and 



v k (z) =w k lw k (z) =e3q>5^fi(a fc )u fc (z)exp(-5^fj). 
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What is important, v k and Vk differ by two diagonal factors, on the left and on the right 
which do not depend on the variables with the same index k, the local variables. The series 
w k and w k differ by a right factor of the same kind. 

Considering w k as a function of local variables, we have noticed that this is a Baker func- 
tion of a single-pole not normalized hierarchy, and v k (z) that of the corresponding normalized 
hierarchy. Therefore, one can write for them Eq.(22), or in present notations, 

G W (oW)/w=(wor 1 (30) 

and Eq.(23), or 

Wk^iOivk^y 1 = G kf3 (()w k0jaf3 . (31) 

The same equations can be written for v k and w k0 since the diagonal factors we discussed 
above will cancel. They do not depend on local variables and the operators G k p do not act 
on them. Thus, 

GwioiCiOh^ihMor 1 (so') 

and 

Wk^piOiVk^y 1 = G k f3WkO,af3- (31') 

By the same reason we have the formula 

Gkfei&Vk&foiCl) = <2fc/3i(Cl)£fc,/3 2 fe(C2) 
Ufc,/3i/3i(Cl) V k ,p 2 p 2 {(2) 

It is correct for v k since this is, virtually, Eq.(5). The additional diagonal factors cancel, so 
this is also correct for v k . 



Lemma 1. The equality 

G ? fc 2 /3(C2)^fc 1 ,/3/3(Cl) = G kl p{C ll )v k2tj3 p{C l 2) 

holds. 



(33) 



Proof of the lemma 1. Eq.(27) implies that dk^Wk-w^ 1 = B kl0t i = Rj~ al is a meromorphic 
function with a single pole at a kl , vanishing at infinity and not depending on k. Actually, 
it is easy to see that this is a characteristic property of the hierarchy which expresses its 
universality, but we do not use this fact below. More generally, d kiai i...d ks0ls iw k ■ w k l does 
not depend on k and is a meromorphic function with the poles at a kl ,...,a ks vanishing at 
infinity when s > 0. The same is also true for w k ■ d kiai i- ■ -dk^^w^ 1 . This implies that the 
expression (z — ak 1 )^ 1 {z — a, k2 )~ 1 w k Gk 1 /3(Ci)Gk 2 /3(C2)W k ~ 1 is a meromorphic function having 
the only poles on the Riemann sphere at a kl and ak 2 and not depending on k. The sum of 
residues must vanish. Computing the residue at a kl we replace k by k\ and doing this at a k2 
we replace k by ki- For simplicity of writing, let res^ symbolize res afe . We have 

res fcl (z - a kl )' l (z - a k2 )- l w kl (z)G kll 3((i)Gk 2l 3((2)w k l{.z) 
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+res k2 (z - a kl ) 1 (z-a k2 ) 1 w k2 (z)G kl p(Ci)G k2 p{C2)w k2 l (z) = 0. 
In terms of w k this identity can be written as 

res fcl (2; - a fel ) -1 (z - a k2 )' l w kl {z)(I -E p + Ep(l - — ^y 1 ) 

z - a kl 

•(I-E P + Ep{\ - ^^i)- 1 )G fcl/3 (Ci)G fe2/3 (C 2 )^ fcl 1 (^) + (h, Ci & k 2 , C 2 ) = 0, 
z (i k2 

i.e., 

res fel (2; - a kl )~ l (z - a fe2 ) _1 w fel (z)(I - E p + E p {\ - — — ^l)- 1 

z - a kl 

•(1 - ( -^^r 1 )G k A(i)GkA(2)ti k '(z) + (ki, Ci & k 2 , C 2 ) = 0, (34) 

Here (fci, Ci ^ k 2 ,(2) denotes a term obtained by switching k-y and fc 2 , Ci an d C2- I n the 
previous sections we computed similar residues several times, so it does not need much 
explanation. The term with I — Ep gives 

(flfci - a k2 )w kl0 {I - Ep)G klf 3(Ci)G k2 {](C2)w k l + (fa, & ^ fc 2 , (2)- 
Two others are 

(Ci - ^-^(Ci)^! - ^ :i ^ i )" 1 ^(Ci)G' fe2/3 (C2)^ 1 1 (Ci) + (*i,Ci k 2 ,C2) 

U — a k 2 

= (Ci - C2)^ 1 [^ 1 (Ci)^G fcl/3 (Ci)G fe2/3 (C 2 )^ fcl 1 (Ci) - (h,Ci & k 2 ,(2)}- 

Multiplying thus transformed Eq.(34) by w klQ on the left and by G kl p((i)G k2 p(( 2 )w k2 o on 
the right we obtain 

(a kl - a k2 )[(I - Ep)G kl p{(i)G k2 p{( 2 )w k * w k2 o - w k * w k2 o{I - Ep)\ 

+ (Cl - C2)~M<(Cl)^/3G'fc 1 ^(Cl)G' fc2/ 3(C2)v A;i 1 (Cl)^ 1 1 0^fe20 
-^fc 1 0^20^ 2 (C2)^/3G' fcl/3 (Cl)G' fc2/3 (C2)^ 2 1 (C 2 )] = 

where v k (() = w ko w k ((). Now let us take the (f3, /3)th element of this identity. The first two 
terms are not involved in it, by virtue of the factors I — Ep. Two others yield 

v kl ,ppG kl p(Ci)Gk2p{.C2){v ki (C)T kl k 2 )l3l3 

= (T felfc2 t) fc2 (C2)) / 3/3G' fcl ^(Cl)G' fc2/ 3(C2)(^ fc2 1 (C 2 ))/3/3 (35) 

where 

T kl k 2 = w kl0 w k2 o, 
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the transition function. Using Eq.(30'), we can replace G k2 /3(^2)(v k2 (C2)) /3/3 by {v k2t pp(C2)) 1 . 
Eq.(35) becomes 

Vk,/3/3G kl i3((l)G k2l 3((2)(v kl (()T klk2 ) 13/3 

= (T klk2 v k2 (C2))wG kl p(Ci)(v k2 MC2)T l - (36) 
Let Ci = Ofei- Then Eq.(36) becomes 

This enables us to rewrite the right-hand side of (36) as 

5 //■ \ G k2 p((2)T klk2 fip 

VkiMb)- J-Tl 7TT- 

Now, let C2 = &k 2 - Eq.(36) transforms to 

Vk u w{Cl)Gkip{(,l){Vki (C)Tfeifc 2 )/3/3 = T klk2) pp. 

The left-hand side of (36) can be written as 

Equating the left- and the right-hand sides and cancelling the common factor G k2 p{C, 2 )T klk2 ^p, 
we obtain the required identity (33). □ 

Lemma 2. Tie equation 

(C2) 



(Cl) V k 2 ,f5 2 f5 2 (C2) 

nolds for any k±,k2, Pi and Pi- 



(37) 



Proof 0/ £/ie lemma 2. We already have two special cases of this lemma: Eq.(32) for 
ki = k 2 and lemma 1 for p 1 — p 2 . Now, suppose neither of these conditions holds. Similarly 
to what we did proving the lemma 1, we write a bilinear identity 

res fcl (z - a ki y l (z - a k2 y 1 w kl (z)G kl ^ 1 (Ci)G k2 p 2 (C2)w kl 1 (z) + (fci,Ci, Pi k 2 ,C, 2 ,p 2 ) = 0. 
In terms of w k this identity can be written as 

res fcl (2; - a ki y\z - a k2 Y l w kl {z)(I - E Pl + E 0l (l -) -1 ) 

z - a kl 

•(I-Eto + EfrQ. - ^^)" 1 )G fcl/3l (Ci)G fe2/32 (C2)CW + (*i»Ci, A & k 2 X2,P 2 ) = 0, 
z — a k2 
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i.e.. 



res kl (z - a kl ) 1 (z - a k2 ) 1 w kl (z)(I - E 01 - E^ + E Pl (l - — — — ) 1 

z - a kl 



z - a k2 

Computing the residues, we have 

(aki - Ofc 2 ) -1 u)fe 1 o(/ - Efi x - Ef3 2 )G kl ^(C,i)G k2 p 2 (C2)w kl0 

(Ci - a fe2 )" 1 w fcl (Ci)^ 1 G' fclft (Ci)G' fe2/32 (C2)w fel 1 (Ci) 

+K - a fe2 )- 1 ((i - C2 ~ Qfc2 )- 1 <o + (h, Ci, A ^ h, c 2 , A) = 0. 

Ofci — afc 2 

Dividing by w kl0 on the left, by G fclft (COG^^^o on the right, we have 

*(/ - E Pl - E P2 ) + (/ - E Pl - E P2 ) * +(Ci - a fc2 )- 1 ^ 1 (Ci)^ 1 G fcl/3l (Ci)G fc2/32 (C2)^; 1 (Ci)T fclfe2 

+ (C2 - afe 1 1 T fclfc2 {) fc2 (C2)^/3 2 G' A;ift (Ci)G'fc 2 ft(C2)% 2 1 - Ep 2 * + * E Pl = 

where asterisks symbolize various factors which are not written in detail since they are not 
important below. 

Take the (/3i,/3 2 )th element of this equality. The terms with asterisks vanish. The 
following terms remain: 

(Cl - a fc 2 ) _1 ^fci/3 1 /3 1 (Cl)G'fc l/ 3 1 (Cl)G' fe2/ 3 2 (C2)(^fc 1 (Cl)7fcifc 2 Wi 

+ (C2 - a fcl )~ 1 (T fclfc2 t) A;2 (C2))/3 1 /3 2 G' fclA (Ci)G' fc2/32 (C2)(% 2 1 (C2))/3 2 /3 2 = 0. (38) 
Now, let Ci = aki' 

(a k i — a k2 )~ G k2 i3 2 ((2)(T klk2 )f3 lf 3 2 

+ ((2 - a k J'\T klk2 v k2 (( 2 ))pip 2 G k2 p 2 (C 2 )(v k2 )^ 2 = 0. (39) 
Using this equality, transform the second term of (38): 

(Oki - Qfc 2 ) ~ 1 <^'fc 2 fe (C2) (^fcifca)/?!^^^!^! (0)^2/32 (C2) (-Ofca 1 (C2) )/3 2 /3 2 

Cfc 2 /3 2 (C2)(% 2 1 )/3 2 /3 2 

= Ki - a fc 2 )~ 1( ^fc 2 /3 2 (C2)(7fc 1 fc 2 ) /?lfe i)fc 2 , fefe (C2) 
Cfc 1 /3 1 (Cl)^fc 2 ,/3 2 /3 2 (C2) 

(We have used Eq.(30') doing the last transformation). 
Let C2 = a k2 : 

(Ci - a fc2 ) _1 {)A :i /3 1/ 3 1 (Ci)G'fc 1 /3 1 (Ci)(^fc 1 (Ci)7feifc 2 Wi + ( a ki - a fc 2 ) _1 (7fc 1 fc 2 )/3 1/ 3 2 = (40) 
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whence the first term can be written as 

-(a kl - a fe2 )~ 1 {) fcl/ 3 l/ 3 1 (Ci)G' fe2ft (C2) • { klk2 ^ 01 ^ 2 

The identity (38) becomes, after a cancelation of the common factor, 

(Cl) 

(Cl)£fc 2 ,/3 2 /3 2 (C2) G k2 fo (C2)^fei/3i/3i (Cl) 

which is the statement of the lemma. □ 

Lemma 3. The equation (37) implies that there is a function r(i) and constant series 
c k p(() in powers of ( - a k such that Vk,pp(() = c k pG k pT ■ r -1 . 

Proof of the lemma 3. Taking the logarithm of (37) and denoting \a.v k ^p = fk,pp we have 

(Cfei/3i(Cl) - 1 )/fc 2 /3 2 /3 2 (C2) = {G k2 {3 2 {(2) - l)/fci/?i/3i(Cl)> 

and we just have to repeat the derivation of the Eq.(8) from (5) in Sect. 4. □ 

The end of the proof of the theorem. Put r fciQ/ g = r • w k0a p. Taking into account (31'), we 
have 

Gk/siOn^p G k/3 (C)T - _ lX a i-i _ 1 - x 

- ^fe/3(U^feO,a/3 - C k /3 v k,/3l3 ' W k)Cl pV k ^ - C kfj W k ^ 

as required. □ 
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